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PAMMETESSCONi’IW3LLINGTHETRMXCTORIE!SOF

MISSILEPOWEREDWITHSOLID-ORLIQUID-FUEL

A

ROCKETS

ByRalphF.Huntsberger

Thetra.1ectoriesfcra supersonicantiaircraftmissilewerecalcu-
latedbya s~ep-by-stepintegr%ionmethodfora numberofdifferentcon-
ditions. Theeffectsofchangingdrag initialthrustratio(ratioof

~initialthrusttoinitialgrossweight,andweightratio(ratioofini-
tialgrossweighttoweightafterallfuelhasburned),whicharethe
principalvariablescontrollingthetrajectoryfora fixedI.auching
angle,wereinvestigated.TheresultsoftheanalysisIndioatedthat:
(1)Therateofchangeofrangeandaltitudeofthemissilewouldbecome
increasinglyfavorablewithreductionofdrag;(2) in general,there
wouldbeanop$h?mminitialthrustratiogivingmeximumrangeoraltitude;
abovethisbptimumvaluetheramgeandaltitudnwoulddecreasebecauseof
thelargeamountofenergyexpendedinovercomingdragatlowaltitudes;
and(3) inoreaseoftheweightratioofthemissilejwithinthelimitsin-
vestigated,wouldimprovetherangeandaltitudeobtainablewithfuelof
a givenspecificimpulse.

INTRODUCTION

Thedesignofa supersonicself-propellettmissilepresentsmsny
problemsinthefieldsofaerodynamicsandthemmdpamicsuponwhichvery
littleworkhasbeendone.Amng thsseproblemsisthatofcalculating
theperformanceofsucha missileandhowitwillbeaffected-bychanges
intheaerodynamicand-powercharacteristics.Thisproblemhasmanyram-
ifications,butitssimplestformisthatofdeterminingthezero-l~t
trajectoryofthemissilewhenlaunchedfromthegroundundera given
setofinitialconditions.Since,fora missileofthistypethedesigner
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interestedintherateofclimb,maximumaltitudeobtainable,
thedeterminationofthetra~ectorycamserveasa guideto

theperformanceofthemissileintheserespects,Whileitisrecognized
thatliftforceswillaltertheperformanceofthemissile,especially
therangeatlowaltitudes,thecomplexityofanyanalysiswhichincludes
liftforcesbecomessogreatthatforthepreliminarystudypresentedin
thispapertheseforceshavebeenneglecte&.

Thezero-lifttrajectoryofa missileisdependentuponthedragofthe
mlsslle,thelaunchingangle,theweightandthetypeof fuel carted,
andtheinitialacceleration.Theweightofthefuelcanbeconveniently
expressedbytheratioofinitialgrossweighttotheweightafterall
thefuelhasburned(weightratio),TheinitialaccelerationIsgivenby
theratioofthrusttoinitialgrossweight(initialthrustratio)where
thethrustisdeterminedbythethermodynamicpropertiesofthefueland
therateatwhichthefuelburns.

Sincethedragofa missilewillbea functionofbothitssizeand
shape,nogeneralanalysisofmissiletrajectoriesIspossible.Hovever,
ifthedragcharacteristicsofa partic@.armissile’arespecified,Itis
thenpossibletostudytheeffectsofohengingtheotherparameterswhich
affectthetrajectories.

.

Forthepurposeofsucha studya designwaechosenwhichwasamen-
abletoanalysiswithinthepresentMmited.scopeofknowledgeconcern-
ingsupersonicaerodynamics.Itwasassumedthat,exceptforlifting
Wingstogivehl$hernormalaccelerationandshortorturningradii,the .
designselectedwouldhetypical.ofa supersonicantiaircraftmissile
foroperationataltitudesbelowW,000feet.From%heavailabletypes
ofpowerplants(rocket,ram-jet,andturbo-Jet)rocketpowerwasse-
lectedbecauseitsoperationcouldbemostcompletelydivorcedfromthe
aerodynamicsofthemissile.Also,therocketwastheonlytypeofpower
~lantcapableofdeliveringsufficientthrusttogivea veryhighrateof
climb.

Thedragandpowercharasteri.stiesforthemissileweredetermined
primarilyfromtheoreticalconsiderationsexceptinthecaseofsolid.
fuelrocketsforwhichsomedataonthiw,etwereavailable.

Thetrajectoriesofthemissilewithbothsolid-andliquid-fuel
rocketpowerandfixedvaluesofweightandinitialtlnvstratioswere
calculatedforseverallaunchinganglesandfordragvaluesrangingfrom
zerototwicethevaluesestimatedfromsupersonicaerodynamictheory.
Theeffectsonthetrajectoriesofvaryinginitialthrustratiowerede-
terminedforeachtypeofrocketpowerconsidered,andinthecaseof
themissilewithsolid-fuel

-
wasmadeoftheeffectof

varyingtheweightratio.
.
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A theoreticalanal~siswascarriedoutforthecaseofa missile.
zerodragfiredve”tiically,smdthe

obtainedfroma step-b~--stepsolutionof
missilewithnormaldrag.

COEEl?ICIZiWSAND

resultswereccmparedwiththose
theequationsofmotionforthe

SYMBOIS

Thefollowingcoefficientsandsymbolshavebeenusedinthepre-
sentationoftheanalysis=d results:

I specificimpulseoffuel,poundsperpoundpersecond(1= i)
w

h weightratioofmissile
()w<

~ initialthrustratio(~)

(,2 ~)
C@ dragcoefficient—

;’
where

D

E@

T

v

Wo

W1

K

P

K

H1

x

drag,pounds

frontalarea,squarefeet

thrust,pounds

velocity,feetpersecond

iaitial.grosswei@t,pounds

weightafter

,rateoffuel

airdensity,

Inaddition,

fuel hasburned,pounds

consumption,poundspersecond

slugspercubicfoot

thefollowingsymbolshavebeenused:

altitude,feet

altitudeatendofpowerflight,feet

horizontaldistance,feet
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Machnumber --

velocityatendofyowerflightjfeetpersecond

weightatazqvtime,pounds

fuelweight,pounds

gravitational

time,seconds

timeatwhich

anglebetween

acceleration,feet~ersecondpez*secand
.

allfuelhaebeenburned.,seconds

tangenttoflightpathandhorizontal,degrees

launohingangle,degrees

angleatendofpowerflight,degrees

ratioofspecificheatatoonstantpresm?etothatatconstantvol-
ume(1.22forproducteofcombustion)

gasconstant,feetperdegreeRankine

jettemperature,degreesRankine

fuel-tankpressure,youndsyersquareinch

Jetexhaustpressure,poundspersquare3.nch

MEI’HOllSOFAHAI,YSIS

Theflightofrocket-prupelledmissilesconsistsofmotionintwo
regimes.Inthefirstregime,thrustiscreatedbybuzmingthefueland
thustheweightcontinuouslydecreaseswithtime.Afterthefuelhas
beenexhaustedtheweightremainsconstantandthemiseileentersthe
secondregime(coastingflight)inwhichthethrustiszero.Ifthe s
curvatureoftheearthisneglectedtheforcesystemcontrollingthe
completetrajectory0$sucha missilemayberepresefitedasshowninfi.g-
Ure1. TheequationsofmotionwhichdeterminethistraJecto~are:

.

.

4
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Tsin (3+

T COS e

wDsin6+ W+-
g

5

ai=o (la)
atz

+Dcos~+~d%=O
g a7

wherethe thrust, drag, weight,and
eral,befunctionsofthetime.Ih
equa.tionsreduceto:

Daine+W1

Dcoso+

flight-pathdirectionwill,ingen-
thesecondregimeofflight,these

WL d2H
+—— =0
g &t2

W1 d=x= o——
g dt=

(2a)

(2b)

Nodirectanalyticalsolutionofthe~eequationsispossible;however,
a step-by-stepsolutioncanbeusedtoyield,approximatetrajectories.
Themeth~dis-quitelaboriousYu%nootherhasteen
considerationofallvariables.

the
the

The

To simplify theanalysistheassu@ioncanbe
p~:eredflight,thethrusthasa constantvalue
equat~on

T=IK

fouu.dwhichd.kWS

madethat,during
whichisgivenby

(3)

assumptiondoesnotgivea completelyrigorousresultbecausethe
specificimpulseincreaseswitha reductionofthepressuzzeatwhich
therocketgasesexhaustandthuswillhehLgherathighaltitudes.
However,forthecaseswhichareconsidered,thechangeinaltitudedur-
ingthepowerflightisgenerallylessthan20YO00feetwhichwouldre-
sultinlessthana 10-percentincreasein specificimpulse.

Assu?@ionofa constantthrustpamitse~ressionoftheweight
duringthepowerflightbytheequation

w =Wo-Kt (4)

Thedragisgivenbytheequation
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“2=(S’(5
andtheinstantaneousflight-pathdirectionisgivenbytheequation
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(5)

where

●

“

tan

Therelationshipsgivenin.
equations(1)and(2).

Trajectoriesforlaunching

—

(6)

equations (3) to (6) permit solution of

angles from 30° to7erticalwerecalcu-
latedfromtheforegoingequationsbyassumingthevaluesofdragcoeffi-
cient,weight,flight-pathdirection,andMachnumbertoremainconstant
overshorttimeincrements.Initially,calculationswerecarriedoutto
detezznlnethetrajectoriesofthemissilepweredwitheithersolidor
liquidfuelsandanInitialthrustratioof11.12.Thesecalculations
werebasedonthenormaldragofthemissile,showninf@ure2,ases-
timatedfromreferences1,2,and.3, andonthecharacteristicsofthe
atmospheretakenfromNACAtables(reference4)toanaltitudeof80,000
feetendfromreference5 shovethisheight.

Inordertostudytheeffectsofincreasingordecreasingthees-
timatednormaldrag,trajectorieswerecalculatedfordragvalues of 0,
550,J-W, sad 200 percentofthenormalvalueasshowninfigure2. Again,
thesecalculationsweremadeforaninitialthrustratioof11.12and
bothtypesofrocketfuel.

Theeffectofvaryingthethrustratio wasstudied by calculating
thetrajectoriesofthemissilewithconstantweight,normaldrag,and
bothtyyesofrocketfuelforvalues”oftheinitialthrustratio of2.78
and5.56. Theresultsofthesecalculationswerecomparedwiththose
‘obtainedforaninitialthrustratioof11.12.

- Thevariationofweightratiowasstudiedforthemissilepowered
withsolidracketfuelbyassumingthecannisterweightcould“bereduced
toallowsufficientfueltobecarriedtogiveweightratiosof2.0and
2.5forthesametotalmissileweight.Trajectories,calculatedfor
theseweightratios,werecomparedwiththoseobtainedfromcalculations
fortheactualestimatedweightratioof1..53. Thesecalculationswere

cO’-
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madeforinitialthrustratiosof2.78, 5.56, andl.1.~. ML calculatkns
forthemissilepoweredwithliqul~rocketfuelweremadefortheesti-
matedweightratioof1.86.

Thetrajectoryofa missilewithoutdraghasbeenconsid&edinthe
appendix}anda solutiongivingmaximumaltitudehasbeenobtainedfor,a
missilefiredvertically.

DESORIWION0FMISSI133

GeneralDescription

Themissilewhichwasassumedtobetypicalofa supersonicaircraft
interceptorisshowninfigure3. Controlinpltchandyawcouldbeob-
tainedbyrotatingtheappropriatetailsurfacae,ora hinged~ortion
thereof,abouta spanwiseaxis.Rollstabilizationwouldbeaffordedby. gyrooperationofthecontrolsurfaces.Theturningradiusofthismfs-
ailewouldbeUmitedhytheliftwhichcouldbedeveloped.bythebody.

. ThemtssiledesignchosenIncludeda 200-poundwarheadand.control
equipmentweighing150~ounda.Theremainderoftheinternalvolumewas
consumedbystructuralmembers,fuelcanistersortanks,fuel,andex.
haustnozzle.Theinternalvolumefixedtheamountoffuel,eithersolid.
orliquid,whichcouldbecarried.Thus,a coqarisonwasaffordedbe-
tweensolid-andIiquid.-fuelrocketpowerfora missileofftiedexternal
sizeandconfiguration.

MissilewithSolid-FuelRocketPower

Theinitialgrossweightofthemissilewithsolid-fuelrocketpower
was,2~0poundsofwhich~0 poundswerestructure,controls,andwar
head.Theratiooffuelweighttocannisterweightwasassumedtobe
0,77 wkichwastheaverageforthreeMonsantorocketsnowintroduction.
Uponthebasisofthisassumption870poundswerefuelzmdl13C)poundS
werecamisterandnozzle.Thespecific@ulse ofthesolidfuelwas
assumedtobe160poundsyerpoundyersecond,whichwastheaverage
valueforthethreerocketspreviouslymentioned.

MissilewithLiquid-FuelRocketPower

Theinitialgrossweightofthemissilewithgasolinefueland~
liquidoxygenwas1100pounds.Ofthisweight475poundswerestructure,
controls,endwarhead;25poundswerea tankofcompressednitrogenfor
supplyingfuelsystempressure;1.13poundsweregasoline;397poundswere
oxygen;and90poundsweretanksandnczzle.
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andoxygenwer6baeedona chemicallycor-
internalvolumefixedthesizeoffueland

oxygentanks.Thegasolinetankswerewire-wrappeiispheres.Theoxygen
tankswereofstandardArmyAirForcedesi~constructedofstainless
eteeltowithstandthelowte~eratureof liquid oxygen. (See refermco
6.)

Thespecificiqmlsefortheliquidfbelwaetakenfromthecurves
offigures4,5: and6. Figure&presentsthevariationofgrossweight
ofthemissileandeyecificinrpulseofthefuelwiththepressurewithin
fuelandoxyeencontainers.Thispressurewasassumedequaltothecom-
bustionchamberpressure.Thevaluesofspecificimpulsewerecalculated
fromthefollowingequationderivedfrominformationgiven inreference7:

/
yd-l

‘W;::’[(:)“ -q
ForthecalculationstheJet-exhmststagnatimtemperaturewasassumed
tobe7000°Rankine.Thevaluesobtainedfromthesecalculationswere
arbitlwri~vreducqdby10percentforpracticalapplication.

Figure~ givesthevariationoftankpressureendspecificimpulse
withweightratio.Figure6presentstheresul-lm of calculations of thQ
altitude themfssilewithzerodragwouldreachiffiredverticallyfor
therelationbetweenspecifichipuhe andweightratiogiveninfigure5.
Thesecalculations,basedon equation (21)intheappendix,indicated.
thata specificimpulseof220poundsperpound.persecondwouldgive
nearlythemaximumaltitudeforallvalues‘oftheinitialthrustratio
(ratioofthrusttoinitialgrossweight)consideredandthisvaluewas
selected.Itwasassumedthattheoptimumconditionsobtainedforzero
dragwouldalsoapplytoa missilefiredinair.The‘corresponding
tan.kyressurewaa310psi.

RESUITSANDDISCUSSION

EffectsofDrag

~rajectori.es.-Thecalculatedtrajectoriesfortheml.ssilewith
normaldragandbothsolid-fuelandliquid-fuelrocketpoweraregivenin
figure7 fora ratioofinitialthruettoinibialgrossweight(initial
thrustratio)of11.12whichwasusedthroughoutthestudyoftheeffects
ofdragonperformance.CurvesgivingtypicalvariationofMachnumber
alongthetrajectoriesareshowninfigure8. Thetrajectoriesforeach

.

.

.

.
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t~e ofpowerpl&nt
ingangle;however,

hadapproximatelythesameshapeatthesamelaunch-
themissilewithliquid-fuelrocketpowertraversed

a muchgreaterdistanceineachcase.SimilXWtrajectorieswereobtained.
fromcalculationsforthemissilewiththedragassumed,at0,50,lm,
and200percentofthenormalvalueforeachMachnuniter.Thesetnjec-
to~iesaregivenforeachtypeofpowerplantanda &aunchingangleof
60 Infigure9. Forlaunchinganglesotherthan60 thetrajectories
maintained.thesamerelationshipswithrespecttobothdr~ andtypeof
powerplant.

Thetrajectoriesforlaunchingangl.esneartheverticalcloselyap-
pmxcimatedparabolicshapesbecauseintraversingtheupperat.nosphere
thedragofthemissilewassgallasa resultofthelowairdensity.
Forlaunchinganglesbeloy@ theeffectofdragwastodecreaserapidly
thehorizontalvelocitycomponentinglidingflightandtheresulting
trajectoriesdepartedfm parabolicshapesbyhavingsteeperslopesover
theirdescendingportions.Thisresultisapparentinfigure7 forthe
tissilewithnormaldrag.Inspecti.onoffigure9 reveals that, for a. given launchingangle,increasesinthedragcausedprogressivelylarger
departuresofthetrajectoriesfromtheparabolicfomu.

Maximumrarwe.-Thecalculatedtra~ectoriesforthemissilewith
each~sumed.variationofdragcoefficientwithMachnumberyieldedthe
resultswhicharesummarizedinf’i@re10forsolid-fuelpowerandIn
figureU.for2.iquid-fuelpower.ThemaxtiumrangewithnormalUag and
solid-fuelpowerwasfoundtobe14.3milesascomparedto24.0miles
withliquid-fuelpower.Theincreaseofr-e inthelatterinstance
wasattributedtotheincreaseoftheratioofinitialgrossweightto
weightafterallfuelhasburned(wei@tratio)andtothehtgherspe-
cificimpulseoftheliquidfuel.Theeffectofincreasingthedragfrom
zerototwiceitsnormalvaluewastoreduce considerablytheremge.
Also,inthecaseofthemissilewithsolid-fuelpower,increaseofdrag
caused.a smallincreaseinthelaunchingenglerequiredtogivea maximum

Inthecaseofthemissilewithliquid-fuelpowerthelaunching
ae “formaxfmsunrangefirstincreasedad thendecreasedasthedrag
wasprogressivelyincreased.Theappare~tdiscrepancyinthevariation
oflaunchinganglewithincreaseofdragforthesamemissilebutwith
differenttypesofpowerwasattributedtothefactthatthemissilewith
liquid-fuelpowerattainedapproximatelytwicetheMachnumberattained
withsolid-fuelpower;thiswouldplacethemaJorportionofitsflight
atMachnuniberswherethsdragcharacteristicswouldbedifferentfrom
thoseforthemissilewithsolid-fuelpower,sincethedregcoefficient
variedwithMachnumber.

- Thenlaximumrangeofthemfssileasa functionofthepercentageof
normaldr~ isgiveninfigure12foreachtypeofpowerplant.Ineach
caseincreaseofdragreducedthemaximumrange;however,thegreatest. reductionoccurred~ thedragwasincreasedZrcmzerotoitsiorml.
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value.OiDviousl.ytherangewoulddecreaseasymptoticallytozeroasthe
dragwasinfinitelyincreased.Thepercentagereductionb rangefrom
thevalueforzero drag was 45 percentforthemissilewithsolid-fuel
powerandnormaldragcharacteristics,whileitwas76percentforthe
caseofliquid-fuelpower.Thelargerreductioninthelattercme can
beexplained byconsiderationoftheenergycomponentswhichdetezmine
thetrajectoryofa givenmissile. .—.

Sincethemissilesundercomparisonhadthesameexteznaldimensions,
theirdragsata givenMachnumberwouldbethesame,but thekinetic
energy-oftheheaviermissile(solidfuel)wouldbegreaterthanthatof
thelightermissile(liquidfuel).Thustheenergyexpendedinovercomi~
dragwouldbea small.erpercentageofthetotalavailableenergyinthe
caseoftheheaviermissile,andincreaseordecreaseofdragbya given
amountwouldhavelesseffectontheheaviermissileata givenMachnum-
ber,Althoughthelightermissileattainedhighervelocities,thereby
increasingitskineticenergy,thedragwasincreasedina~proxlmately
thesameproportionsothatinallcasesconsideredforthelightermis-
sile,theenergyrequiredtoovercomedragwasa largerfractionofthe
totalener~available.

!L’heresultspresentedinfigure12alsohlicatethatdecreasing
thedragwouldIncreasetherangein sucha manner that the rateofchange
ofrangewouldbecomeincreasinglyfavolmblewithreductionofdr~, This
resultwasfcmndtobetruefor themissilewitheithertypeofpower
plazlt●

Minimumaltitude.-Thevariationofmaximumaltitudeattainedwith
launching-e is~resentedinfigure13forsolid-fuelpowerandin
figure14forliquid-fuelpower.Aswithrauge,theeffectofdragwas
toreducethealtitudeattainedasthedragwasincreased.Theeffect
wasgreatestforverticallaunchinganddecreasedwithlaunchingangle.
Increasingthedragfromzerotoitsnormalvaluehadmoreeffectonre-
ducing thealtitudethandidIncreasesabovethenormalvalue.Thesere-
sultswereconsistentwiththeeffectsofdragonrange,sincethepri-
- effectofdragwastoalterthetrajectory.

EffectsofInltjalThrustRatio

Trajectories.-Thetrajectoriesforthemissilewitheacht~e of
powerplantandnormaldragwerecalculatedfortwoadditionalrattosof
thrusttoinitialgrossweight(initialthrustratio).(Thisparameter
givestheinitialaccelerationwhichthemissilewouldhaveinhorizontal
flightinunitsof g,) Thesetrajectorieshadthesamegeneralshape
characteristicsasthoseforthethrustratioof11,12previouslymen-
tioned..
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. Maximumrexu?e.-Thetrajectorycalculations
thrustratiosyielded.therangeasa functionof

11

fordifferentinitial
launchingangleaccord-

ing to the c~es of figure 15. TheseresultswereobtainedEorthemis-
silewitheachtypeofpower.Fofitheheaviermissilewithsolid-fuel
powertkerangeincreased.slightlywithincreaseoftheinitialthrust
ratio,whilethereversewastrueforthelightermissilewithliquj.d-
fuelpower,This paradoxical result can be explainedby consideration
of energycomponentsas before.

ThelargestmissilevelocitysadtherefoYegreatestkhzetlcenergy
wasattainedwiththehighestvalueoftheinitialacceleration(orini-
tialthrustratio),Ifnodragwerepresentitcouldheshownthatthis
wouldleadtothegreatestrangeforthemissile.Thesameresultwould
bet~e iftheenergyemended.inovercomingthedragwerea smallper-
centageofthetotalenergy.Euwever,a pcintwouldbereached.,aswas
thecaseforthemissilewithliquid-fuelpower,wheretheenergyex-
pandedinovercomingdragatthehighervelocitieswouldbecomesolarge
a fractionofthetotal.availableenergythattherangeofthemissile
wouldbedecreasedbyincreasingthevalueoftheinitialthrustratio.

Thelaunchingsingleforrmxinnunrangewasfoundtoincreaseasthe
valueofthethrustratiodecreased.Thisresultwastrueforeachtype
ofpowerplant.Fromthestudyofprojectiles it iswellknownthatthe
maximumrangeisattainedina vacuumiftheprojectileisfiredfrom
the groundatanmgle of45°. For the missile carrying itsownpro-
pellingchargethisisnolongertrue.Itcanbeshownthattheangle
togivea meximumrangeforthecoast- flightofsucha missileina
vacuumisgivenwithin1 percentbytheformula

(7)

Sincethesingleformaximumrangeislessthan45°,thiswouldindicate
thatthelaunchinganglewoulddecreaseasthealtitudeattheendofthe
powerflightincreased.%wever,thelaunchingangledoesnotdecrease
becausetheflightlathunderpowerisalwaysconcavedawnwardduetothe
gravitationalattraction.Also,asthetimeofthepowerflighttoa
givenaltitucleincreases,thelaunchinganglemustincreasetogivemaxi-
mumremgejsincetheflight-pathangledecreasescontinuouslyundercon-
stantgravitationalacceleration.
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Theresults shownin fi&o 15 indicatethatthelaunchinganglefor
maximumrangeincreasedwiththetimeofpwer flight,sincefora fixed
quantityoffuelwitha givenspecificimpulsethetimeofpowerflight
willbeinverselyproportionaltotheinitialthrustratio.Forthecase
ofthemissilewithliquidfuelthetimeofpowerflightwasfurtherin-
creasedbecauseofthegreaterspecificiqnd.seofthefuelwhichde-
creased therateoffuelconsumption.Thuszthelaunchingangleformxi-
mumrangeinthecaseofthemissilewithliquidfuelwasgreaterthan
thatforthemissilewithsolidfuelatcorrespondinginitialthrust
ratioa,

Maximumaltitude.-Themximupalt$tudewhicbwouldbemachd,by the.—
missilewitheacht~-eofpowarplantandthreeinitialthrustratiosis
shownasa functionoflaunchingangleinfigure16, Themaximumaltitude
attained.decreasedrapidlyasthelamchinganglewasreducedfromthe
vertical,Thisphenomenonwasparticulczrlymarkedforthemissilepowerei
with liquidfuelandcanbeexplainedasa effectofthelongertimeof
powerflightwiththeliquidfuel,

Forthemissilepoweredwithsolidfuelthe&ximumaltitudein-
creasedwithincreaseoftheinitial.thrustratio.Thissameresultwas
genemllytruefor themissilewithliquid-fuelpowercxcoptatlaunching
anglesneartheverticalandaninitialthmzstratioof11.12.Here
themaximumaltitudewasattainedwitha lowervalueoftheinitial
thrustratiobecauseofthelmgedragassociatedwiththehighinitial
accelerations.

Thevariationofthemaximumaltitudeattained(verticalfiring)by
themissilowithinitialthrustratioforeachtypeofpowerplantis
showninfigure17. Theseresults indicate that an initial thrust ratio
of 6,o wouldgive a maximumaltitude for the mlgsile with liquid-fuel
power;whereasaninitialthrustratioofmorethan11.0would.berequired
forthemissilewithsolid-fuel.Themaximumaltitudeobtainablewith
themissilepoweredwithliquidfuel waszO.8milee as comparedtosMght-
JJmore than8.~miles forthemissilewithsolid-fuelpower.

Itshouldbenoted herethattheresultsobtainedforthemissile
withliquid-fuelpowerwouldhavebeenmodifiediffuelpump8insteadof
pressuretankshadbeenused,Theweightoffuelpumpswouldincrease
withinitialthrustratiobecauseofthegreaterquantityoffuelhandled
perunittime.Thiswoulddecreasetheweightratiofora fixedinitial
grossweight. .

I EffectsofWeightRatio

Trajectories.-Inordertostudytheeffectsofchanghgweight
ratioontheperformanceofthemissilewithnormaldragthetrajectories

.

.

.

.

—
.

.



13

werecalculatedforsolid.f~elp~er andthes- initialthrustratioa
previously considered. However,the calculations werebased on assumed
weightratios of2.0and2.5withthe~ssileass~edtohavethesame
externaldimensions.Theuseofthesamefuel(Monsanto)wasassumed
throughoutthecalculations.

Theresultsofthesecalculationsaregiveninfigure18 for a
launchingangle of 6@, ThetraJec-tories for the different weightratios
weresimilarforeachv~ue ofthetiiti~thrustratioanddepartedpro-
gressivelyfroma parabolicformasthelaunchinganglewasreduced.

Maximunlrange.-Theresultsofthecalculationsofrangeasa func-
tionoflaunchingangleforthedifferentwei@tratiosaresummarized
infigure19. (Notethat the scaleofrangehas beenchanged~oreach
weightratio.)Themaximum rs,rge was increased a~proximatelyfourfold
fora two-thirdsincreaseinwe~t ratiofrom14.2milesfora weight
ratio of 1.53 to -57.0miles fora weight ratio of 2.50. The effect of
launchingangle andinitialthrustrat?.oonrangeatthehigherweight
ratioswassubstantiallythesameasthatfoundforthemissilewitha
weight ratio of 1.53. lt shouldbe pointed out, however,in figure 19(c)
that the maximumrqe ~d not OCCI.W at the hf.ghest valueoftheinitial
thrustratio(11.12)witha weightratioof2.50butratherata value
near5.56. This factindicatesthatthemissileattainedsucha high
velocityinthedenseloweratmospherethata considerableportionofits
totalenergywasexpendedinovercomingdragwitha resultingdecreasein
range.

Maximumaltitude.-Theresultsofaltitudecalculationsforthemis-
silewithdifferentweightratiosaresuzm.arizedinfigure20. Themax-
imumaltitudeattainedbythemissileatdifferentlaunchingangleslike-
wisedemonstrateda markedincreasewithincreaseofweightratiofor
launchinganglesgreaterthan60°.Forlaunchingangleslessthanthis
value,theincreaseinaltitudewassmallbscauseofthelongerburning
timerequiredforthehigherweightratios.Thealtitudeattainedwas
generallygreaterwiththehighvaluesofinitialthrustratiothanthat
forthelowvaluesexceptatthenearlyverticallaunchinganglesfor
themissilewitha weightratioof2.50.Ashasbeenpointedout,this
wasduetothelargedragencounteredbythemissileinthelowera.tmoc-
phere.

Thealtitudesattainedbythemissilesofdifferentweightratios
launchedverticallyhavebeencomparedwiththetheoreticalvalueswhich
missilesof thesamespecificimpulsewouldattainwithzerodrag,as
determinedfromequation(21)oftheappendix.Theseresults,shownin
figure21,indicatethattherewill.beanincreaseinthealtitudeat-
tainedwithincreaseofinitialthrustratioabovethevalue of1.0,
whetherdragisconsideredor not. However,continuedincreaseofini-
tialthrustratiowhendragisconsideredmayresultina decreaseof
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altitude begondcomemaximum
weightratio of 2,50. Use,

NACARMNo.+22 .

valueaswasthecaseforthemissilewitha
theincreaseofmaximumaltitudevith.in-

crease of weightratio does not pi”oceed.as W&idlyfor the ~~~i~e-.with .
finitedrugaswouldoccurforthesamemis~ilewithzerodrag.Thein-
creaseinaltitudefora 63-percent increase in weightratio was32hper-
cent whendragwasconsidered.;whez)easthe thecmypredfcted a 372-percent
increase wi~ zero.drag for an initi~ thrust ratio of 6.o.

CONCLUSIONS

Considerationof’themissiledrag,int%ialthnlstI’atio(ratioof
initialthrustto,initialgros~weight),a.ndwei@ ratio(ratioofini-
tialgrossweighttoweightafterall.fuelhasbuzmed)fithe~lY@is of
thetrajectoriesofa ro~ket-p@weredsupbyaonicmissileofthealrcraft-
intercepto~tfieasdeterminedfordiffersnt3tmnchinganglesindicated
thefollowing:,’, .

1.Therateofcluu@e”ofrangeandaltitudewould.becomeincreasing-
lyfavoya%lewithreductionofdrag.

2.Ingeneral,therewouldleanoptimuminitialthrustratiogiving
maximumrangeoraltftude;abovethisoptimumvaluetherange andaltitu~
woulddecreasebecauseofthelargeamountofenergye~endedInovercom-
ingdragatlowaltltudes.

3. Increase of theweigh~ ratio of themlssile, within the Mmits
investigated, wouldimprovethe rangeandaltitude obtainablewith fuel
ofa
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MISSILESWITHOUI’DRAG

Ifthe&rag-isneglected,equations(la)and
withequation(4),become

A solution has
a rocket fired

T!sine- (W.-Kt] -
(’+)

Tcos13- (’%=)$=
notbeenfoundfortheseequations

(lb),whencam%ined

o

(8EL)

(8b)

exceptforthecaseof
verticallywhereequation@b) vanishes-and(8a)becomes

( )T-(Wo-Kt)- ‘- %=0
g

(9)

Integrationofequation (9) for the missile starting from rest at
sealevelwitha constantthrustinstantaneouslyappliedyields,forthe
verticalvelocity,
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.W.%.v&f&p_,_
at W. -Kt- gt

Integrationofequation(10)todeterminethealtitudegives

(10)

~=@b ‘o wok ‘o( —----
K

.—
Wo-Kt Kt Wo-Kt )

+lt-; gtz (U)

-.Attheendofthe~owerflight

l’lFI
t.tl.—

m
(12)

J.

Introducingtheweightratio, .

.

(13)

amdtheinitialthrust-weightratio,

(14)

giveB

llquations (10) and (U) become,respectively,

Vl=a [lnh-j(A; l)] (15)

and

[(1HL.Q2-l-
$ %) -X+-Y] (16)
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Equation(2a)forthemissilewithoutdragbecomes

(17)

Integratingequation(17) twice with tl as the lower limit ana t
as the upperlimit yields

whichisthetotalaltitudethemissilewouldattain.

Differentiatingequation(18)withrespecttotimetoobtaina max-
hmnnindicatesthatsuchwilloccurwhen

t +? (19)

or

%aX VI==H1+— (20)
2g

Substitutingthevaluesof V~ md Hl f- eq~tions(15)~d (16)
givesforthemaxiraumaltitude

J#ax=%:[(lJIN+;Hnb; )1
-)

whichmaybewritten

(21)

~=y2 (g) (22)

where

g= (m)’+

Valuesof ~ forweightratiosof
of1.0to10.0aregiveninfigure

(;l-1+ ) (23)

1.5to10.0andinitialthrustratios
22.
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